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TECHNICAL NOTE 3598

METHOD AND TABLES FOR DETERMINING THE TIME RESPONSE TO A
UNIT IMPULSE FROM FREQUENCY-RESPONSE DATA AND FOR
DETERMINING THE FOURIER TRANSFORM OF A
FUNCTION OF TIME

By Carl R. Huss and James J. Donegan
SUMMARY

A simple and rapid method is presented for the determination of the
time response to a unit impulse from frequency-response data and for
evaluating the Fourier transform of a function of time. Both methods are
applicable to linear functions for which Fourier. transforms exist. Tebles
are presented which greatly reduce the time required to perform the compu-
tations. Procedures for performing the calculations by use of the tables
are illustrated and outlined step by step.

INTRODUCTION

The direct and inverse Fourier transforms are at present being used
extensively in the analysis of flight test data. The direct transform
provides the means of determining the frequency response of a system from
a transient response to an input. The inverse transform provides the
means Of determining the time response to either a unit impulse or an
arbitrary input from the frequency response of a system. In both cases
the transfer of data between the time plane and the frequency plane is
accomplished without knowledge of the transfer function relating the
input and output.

Some recent experience in analyzing and extending flight measurements
obtained with a swept-wing bomber has led to the establishment of a simpli-
fied method similar to that of reference 1 of determining the time response
to a unit impulse from frequency-response deta and of determining the
Pourier transform of a function of time. The simplification of the methods
results from the use of prepared tables. Since these methods and tables
should be of help to others engaged in the analysis of linear systems, they
are included in the present paper along with explanatory material of the
mathematical principles involved, examples showing the application of the
method and tables, and several comparisons illustrating the accuracy of
the procedures.
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SYMBOLS

A modulus of Fourier transform
o

F(iw) Fourier transform, f £(t)e 10ty
0

:‘f(t) function of time

H(iw) frequency response

h(t) time response to a unit impulse (total unless with subscript n)

I imaginary component

n interval

R real component

r amplitude — -

t or T- time, sec

b 4 output

b4 normalizing parameter, éﬂt or %——tw

A incremental values

o) phase angle of Fourier transform, deg

w frequency, radians/sec

5 input

Subscripts:

n refers to particular rectangle

x output

ts) input

max maximum

Absolute value of a term is denoted byl |
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METHOD

The methods presented in this paper are applicable to linear systems
for which Fourier transforms exist. The methods are presented in the
following order: (1) determination of the time response .to a unit impulse
from frequency-response data and (2) determination of the Fourier trans-
form of a function of time. Also included as appendix A is a procedure-
for numerically evaluating Duhamel's integral with an integrating matrix
based on the Newton-Cotes quadrature formulas given in reference 2 which
permit the determination of the response of a system to an arbitrary input
when the response to a unit impulse is known.

Determination of Time Response to a Unit Impulse

From Freguency-Response Data

As indicated by George F. Floyd in reference 1, the time response to
a unit impulse h(t) can be related to the frequency response by

h(t) = ﬁgj:o R[B(iw)] cos wt dw (1)

where R[ﬁ(iaﬂ] is the real part of the frequency response.

The integration of equation (1) is sometimes difficult since an
analytic expression for REﬂ(iaﬁ] is often not known and, when one is
known, it can be very complicated. Numerical values of .REH(in], how-

ever, are easily obtained from the amplitude ratio and cosine of the |
phase angle of the frequency response and, therefore, the problem lends
itself well to some method of numerical integration.

The numerical method employed by Floyd to solve equation (1) was to

approximate the R[H(im)] with straight lines. This type of approximation
reduces equation (1) for each straight-line segment to the simple form of
sin x/x for which tables existed. The total response is then the sum of
the individual response for each straight-line segment. This method gives
good results for simple systems; however, when applied to a system with
several high-frequency modes, it requires considerable time.

The method suggested in this paper is to approximate the R[ﬁ(iwﬂ
with a staircase type of function having equal frequency intervals and of



ly ’ ‘ NACA TN 3598

such height that the area under each step of the staircase function

equals the area under that portion of the R[H(ia))] curve within the
interval.

Equation (1) can then be written as

(o]

n(t) =23  ma(t) (2)
n=1
where
o -
B, (t) =f R[E(i0)] cos wt do (3)
op-1

and n, ay, and ay.3 are shown in figure 1(a) and, for n=l, @, ; = O.
In equation (3), h,(t) represents the contribution to the response to

the unit impulse of the area of the interval between w, ; and a, of
the staircase function. By substituting the constent amplitude r, for

R[H(iw)] in equation (3) and performing the integration, the individual
contribution becomes

2

- 2
h.n(t) =7 £ sin(m’t>cos [(211 - l)%t] (%)
where r, and Aw are defined as in figure 1l(a).
Examples of the hn(t) for steps of unit amplitude and a frequency

interval of 1 radian per second of various locations on the frequency
scale are shown in figure 2.

Equation (4) can be normelized by letting

Lot (5)
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Then,

h,(t) = Amrnsin z coifen - 1)z (6)

By substituting equation (6) into equation (2), the total response is
given by

o]
sin z cos(2n - 1)z
E T
n z

n(t) = Sr (7)

n=1

where the time values corresponding to the z-values for which the calcu-
lations are made depend on the Aw chosen.

sin z cos(2n - 1)z
z

of z and n, the response to the unit impulse can be easily and rapidly

obtalned for a chosen frequency interval Aw. Such a tabulation is pre-

sented as table I for values of 2z from 0 to 2.5 and values of n from
1 to 50.

By tabulating the function for various values

The following procedure is suggested in computing the time response to
a unit impulse from frequency-responge data. The steps of the procedure
are outlihed and illustrated by the use of tables I and IT and figure 3.

(1) Choose the frequency interval to be used. The choice of Aw
depends on such factors as the accuracy desired, the shape, and frequency

range of the R[H(iwi]. In general, best results are obtained if the

interval is chosen so that the staircase. function adequately represents
the R[ﬁ(iwn. (That is, within the intervals, the R[ﬁ(iw)] is as con-

stant as practicable). For the example shown in figure 3, a Am of 1
was chosen.

(2) Fit the staircase function to R[H(im)] by using the chosen Aw
as shown in figure 3. In this case 20 Intervals were used. In order to
obtain accurate results, R[h(iwi] must either be zero or approach zero
within the number of intervals used.

(3) Read and record the amplitude of each interval as shown in
column @ of teble IT.
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(4) Read h,(t) for each intervel at the desired values of 2z from
table T and record as shown in columm (3) of table II. The example is

solved for 2z = 0.5 which, for Aw = 1 radian per second, corresponds to
time of 1.0 second.

(5) Multiply the amplitude and b,(t) together for each individual
interval as shown in column (E) of table IT.

(6) Sum the products of the amplitude and h, for the individual
intervals at the desired velues of 2z. This totel is shown as the summa-
tion of column (1) in table IT.

(7) Multiply the summation by 2 Am/sx to obtain the time response
to a unit impulse. This product is shown at the bottom of table II and
the result is shown in figure 3 at t = 1.0 second.

Examples of epplications of the method are presented in figures 3
and 4 along with comparisons of the results with the exact time responses.
In figure 3 the method has been applied to & heavily damped linear system
with one low-frequency mode defined by the transfer function

£ = 1 . In figure 4 the method has been applied to the system
5 52,4 68+ 10

of figure 3 with the addition of two higher frequency modes. This system
was defined by the transfer function

1 100 225
82 + 68 + 10 82 + O.ks + 100 82 + 0.25 + 225

o=

Determination of the Fourier Transform

of a Function of Time

As in the determination of the time response to an impulse from
freguency-response data, the determination of the Fourler transform of a
time function involves the fitting of a staircase function, in this case
with constant time intervals, to the time function so that the area of
the individual time intervals equals the area under the represented por-
tion of the function. The real part and the imasginary part of the Fourier
transform for the individuel Intervals are then determined and the results
for the various intervals are summed to give the real part and imaginary
part of the total Fourier transform of a time function. The modulus and
phase angle of the Fourier transform are then easily obtained.
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The Fourier transform of a time function is

F(io) =JM £(t) e-lotag
0

which for a staircase function can be written

P(io) = 0 Fy (i)
n=1

where

th
Fp(iw) = f rne’iwtdt
Tna1

(8)

(9)

where r,, t,, and t, j are shown in figure 1(b) and for n =1,

tp1 = 0.

The expression Fn(ia)) represents the contribution of the individual

intervals to the total Fourier transform.

The real part of equation (9) is

2

Rn[F(iw)] = 1Tp % sin(éi:w)cos[(En - 1)

and the Imaginary part is

2

In[F(iw)] = -m 2 sin(A—tw)sin [(211 - 1)

vhere r, and At are shown in figure 1(b).

%’%} (20)
%tw] (11)
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The modulus of the Fourier transform for an individual interval is

OREN CH N (12)
and the phase angle is
-1 In
on(m) = -tan -R_; (13)

Examples of the Fourier transform for a time interval of 0.1 second
at various locations in the time plane are shown vectorially in figure 5.

The real part and imaginary part for the total Fourier transform of
a time function is simply the sum of the real part and imaginary part of
the individual intervals.

R[F(1w)] = Z Rn[F(i_w)] (14)

and
I[F(ie)] = Z Tn[F(10)] . (15)

In a manmer similar to the time response to a unit impulse the real and
imaginary part (eqs. (10) and (11)) can be normalized by letting

z = 8ty (16)

Then the real part (eq. (10)) beccmes

Rn[i(iﬂﬂ] _ AerSin A coifgn - 1)z (17)
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and the imaginary part (eq. (11)) becomes

gin z sin(2n - 1)z

In[F(iw)] = -atrg .

The total real part is then

R[F(10)] = at Zrnsin z cosz(gn - 1)z

and the total imaginary part is

I[F(1w)] = -AtZ r 8in z siz;(an - 1)z

The total modulus of the Fourler transform is

Alw) = \/«{R E«“(iw)]}2 . {I [F(iw)]}a’

and the total phase angle is

o(w) = -tan~L EIEL}@ZL
' R [F ( iw)]

(18)

(19)

(20)

(21)

(22)

Again, as in the case of the time response to a unit impulse, the

calculation of the Fourier transform of a time function can be simplified
sin z cos(2n - 1)z

by the use of tabulated values of the function

sin z sin(2n - 1)z
z

for various values of n and =z.

e e e ———— —— ———

and

It should be noted
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sin z cos(2n - 1)z
Z
tabulated to calculate the time response to a unit impulse. The real
part of the Fourier transform can, therefore, be calculated from the

gsame table. It is only necessary, then, that the additional func-

sin z sin(2n - 1)z
z

for values of 2z from O to 1.0 and values of n from 1 to 50 and is

presented as table III.

is8 the same function that was

that the function

tion be tabulated. This tabulation has been done

In order to interpolate between the z-values of tables I and III,
plots can be made for each interval by using the values given in the
table.

Fourier transforms of lengthy time functions using a small time
increment At may be computed by using the tables in conjunction with
the shifting theorem. This theorem states that, if the Fourier trans-
form F(iw) of a time function f(t) exists, the Fourler transform of

£f(t - 1) is e—iaﬂF(iw). Therefore, a time function extending beyond

the 1limits of the table in time may be partitioned into segments, the
first extending from O %o 7, the second extending from 7, to Ty,

the third extending from 7o to T3, and so forth. The total Fourier

transform of the time.function is simply the vectorial sum of the Fourier

transforms of each segment. The Fourler transform of the first segment

is obtained directly from the tables. The Fourier transform of each

succeeding segment is obtained by assuming the origin to be at T and

then multiplying the results obtained from epplication of the tables by
-1

e .

The following procedure is suggested for computing the Fourier trans-
form of a function of time. The steps of the procedure are outlined and
illustrated by the use of table I, table III, table IV, and figure 6.

(l) Choose the time interval to be used. The At used depends on
the highest frequency desired from the Fourier transform. If it is
assumed that one camplete oscillation in the time plane can be defined by
no less than 4 points, the maximum frequency for which accurate results
can be expected will be

2x_ . 2.09% (23)
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When the desired maximum frequency does not dictate the interval to,be
used, then the interval should be chosen so that the time function is as
constant as practicable within the interval. For the example shown in
figure 6, a At of 0.1 second was chosen.

(2) Fit staircase functions to the time function as shown in figure 6.
In order to obtain accurate results at the low frequencies, the function
of time must damp to practically zero within the number of intervals used.
For this example 25 Intervals were used.

(3) Read and record amplitude of each interval as shown in colum (2)
of table IV.

(4) Read the values for the calculation of the real part of the
Fourier transform for each interval at the desired z-values from table I

and record in column (:) of teble IV. The example is solved for 2z = 0.25
which for At = 0.1 corresponds to w = 5 radians per second.

(5) Read the values for the calculation of the imaginary part of the
Fourier transform for each intervel at the desired z-values from table IIT
and record as shown in column (E) of table IV. The example is solved for
z = 0.25 which for At = 0.1 corresponds to o = 5 radians per second.

(6) Multiply the amplitude end the values for the real part and the
amplitude and the values for the ilmaginary part together for each indi-

vidusl interval as shown in colums (5) and (&), respectively, of table IV.

(7) Sum the products of the amplitude and the values for the real part
and the amplitude and the values for the imaginary part. These totals are

shown in table IV as the sumation of columns (5) and (®, respectively.

(8) Use equation (19) to compute the real part of the total Fourier
transform and equation (20) to eocmpute the imaginary part of the total
Fourier transform. These computations are demonstrated at the bottom of
table IV.

(9) Use equation (21) to obtain the amplitude of the Fourier transform
and equation (22) to obtain the phase angle of the Fourier transform.
This calculation is demonstrated at the bottom of table IV and the results
obtained are shown in figure 6 at w = 5 radians per second.

An example of the application of this method to a time function and
a comparison of the results with the exact amplitude and phase angle is
shown in figure 6. The time function shown in figure 6 is the same time
response to & unit impulse as is shown in figure 3. In figure 6 the
FPourier transform of this time function was obtained and in figure 3 the




12 ‘ NACA TN 3598

real part of the Fourler transform was used to obtain the time function
of the inverse Fourier transform.

DISCUSSION

As was mentioned in the "Method" section, in order for the methods
of this paper to give correct results, the staircase function must ade-
quately represent the function being fitted. This will be the case if
(1) the interval used is not too large, (2) the function being fitted
approaches zero within the number of intervals used, and (3)- the area
under the stalrcase function within the interval equals the area under
the represented portion of the function being fitted.

When the time response to & unit impulse is obtained, too large an
interval maey mask some of the modes present in the frequency response;
thus, in the time response to the unit impulse, such modes would not be
properly represented either as to frequency or amplitude. If the real-
part of the frequency response does not approach zero within the number
of intervals used, large errors in h(t) will be obtained near zero
time. This result is demonstrated in figure 3 where the error at zero
time could be reduced to 0.0080 by using 50 intervals and fitting the
curve to a frequency of 50 radians per second. If the area of the stair-
cage function does not equal the area of the real part of the frequency
response for each interval, then, of course, imaccuracies will be obtained
throughout the calculations.

An idea of the accuracy of the computations involved in determining
the time response to a unit impulse by the method and tables of this
paper can be obtained from figure 3 for a simple system and from figure 4
for a system with multiple modes. The overall accuracy would, of course,
be increased either by using a smaller frequency interval or by using
more intervels.

The total time required to obtain response to a unit impulse such
as that shown in figures 3 and 4t by application of the method presented
herein and using a desk calculator is about 1.5 hours.

In the case of obtaining the Fourler transforms of a function of
time, the Interval chosen determines the maximum frequency that can be
expected to be determined accurately from the method. The larger the
interval, the lower will be the maximum frequency obtained. If the time
function does not approach zero within the number of intervals used, an
end correction must be added in order to obtain the correct Fourier
trensform. The greatest inaccuracies, however, will be in the very low
frequency range near zero radians per second. As in the previous case
if the area under the staircase function does not equal the area of the
tlme function for each interval, inaccuracles are obtained throughout the
calculations.
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The accuracy of the calculations involved in evaluating the Fourier
transform by the method and tables of this paper can be seen in figure 6.
As before, the overall accuracy could, of course, be increased by using
a smaller time interval but, 1n view of the camparison shown, it would
not seem to be necessary for the function shown.

The time required if a desk calculator and the method and tables of
this paper are used to evaluate the Fourler transform of a time function
such as shown in figure 6 is about 2.0 hours.

It should be noted that in some cases the values of 2z given in
the tables may not correspond to sufficient time or frequency values to
define accurately the h(t) or F(iwm). The values of time and frequency
corresponding to the z-values in the tables, as are shown by equations (5)
sin z ¢os(2n - 1)z
Z

and (16), depend on the interval chosen. The functions

sin z sin(2n - 1)z
and can be determined for values of 2z not given in
z

the tables by interpolation (that is, by plotting the numbers given in the
table for each interval and reading the value of the function of the
desired 2z from the plots).

The tlime response to an impulse when used with Duhamel's integral
permits the time response to any arbitrary input to be computed; hence,
the response of a glven system to inputs beyond those normally or safely
experienced by the system may be obtained. This procedure is outlined in
appendix A. As an example of this procedure, the time response to a tri-
angular input was celculated by using Duhamel's integral with the response
to a unit impulse obtained by the method of this paper for the multiple-mode
system shown in figure 4. The comparison of the calculated time response
with the exact time response for the arbitrary input shown in figure 7
serves to demonstrate the procedure and the accuracy. The time required

to go through the operations with a desk-type computing machine is about
1 hour.

The evaluation of the Fourier transform of a time function is also
useful for many purposes. One of the most important uses 1s the determina-
tion of the frequency response of input-output data without knowledge of
the transfer function involved. The frequency response is simply the
Fourier transform of the output divided by the Fourier transform of the
input. The comparison shown in figure 8(c) of a frequency response
obtained by using the method of this paper to evaluate the Fourier trans-
form of the input and output time histories shown in figures 8(a) and 8(b)
with the exact frequency response indicates that, for frequencies below the
bottoming frequency of the input (about 12 radians per second), the results
are very good. As would be expected the results above the bottoming fre-
quency were poor since, at frequenciles greater than the bottoming fre-
quency of the input, the frequency content of the input is very small and
- 4in such cases the values obtained for a frequency response are unreliable.
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The time required to calculate the frequency response shown in figure 8(c)
with a desk-type computing machine is approximately 2.5 hours.

CONCLUDING REMARKS

A simple and rapid method is presented for the determination of the
time response to a unit lmpulse from frequency-response data. Also
included is a similar method of evaluating the Fourier transform of a
function of time. The methods are applicable to linear functions for
which Fourier transforms exist and give accurate results within the limi-
tatlons of the values chosen for the variables.

Tables are presented which facllitate the necessary computations of
the methods. These tables reduce the amount of labor and thus the time
required for the necessary computations. Equations are presented which
can be used to obtain greater accuracy or to extend the range of the
variables. Suggested procedures for performing the necessary camputations
of the methods are illustrated and outlined step by step.

Langley Aeronautical Laboratory,
National Advisory Committee for Aeronautics,
Langley Field, Va., September 22, 1955.
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APPENDIX
NUMERICAL EVALUATION OF DUHAMEL INTEGRAL
Duhanmel 's integral may be stated as
t
x(t) = 8(t) A(0) + J; h(t) 8(t - T) ar (A1)

where A(0O) is the indicial admittance at t = 0, &(t) d1is the time

history of the input, and h(t) is the response of the system to a unit
impulse. For the usual aircraft inputs, A(0) = O and

t
x(t) =I h(t) 8(t - 1) ar (a2)
0

This equation may be expressed numerically as

i
x(ti) = Atgcij h(tj) 6(ti_J) 3=0,1,2,3 ...1 (43)
where
At incremental time interval |
5(t) time history of the arbitrary input
h(t) time response to a unit impulse input
Cq 3 integrating matrix given in table V

Equation (A3) represents i + 1 equations. In order to illustrate
its use, consider an arbitrary input &(t) and a system with a known
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response to a unit impulse h(t). The response of this system to
the arbitary input &(t) is then computed for a time interval
At = 0.05 second eas follows:

x(0) =0

x(0.05) = 0.05[0.5h(0) 8(0.05) + 0.5h(0.05) 5(0)] (AL)

x(0.1) = 0.05[0.3333311(0) 5(0.1) +

1.3333330(0.05) 5(0.05) + 0.33333n(0.1) 5(0)]  (a5)

x(0.15) = 0.05[0.37511(0) 5(0.15) + 1.125h(0.05) 85(0.1) +

1.125h(0.1) 8(0.05) + 0.375h(0.15) 8(0)] (86)

x(0.2) = 0.05[0.31]_11(0) 5(0.2) +
1.422h(0.05) 8(0.15) + 0.533h(0.1) 5(0.1) +

1.422h(0.15) 3(0.05) + 0.311h(0.2) a(o)j (AT)

and so forth. The integrating matrix as presented herein has been found
to be very accurate.
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TABTE I.- TABULATION OF THE FUNCTION S22 2% ¢os(2n - 12 yepn no cprourate THE TRE
RESPONSE TO A UNIT IMPULSE FROM FREQUEWCY-RESPONSE DATA AND TO CALCULATE
THE REAL PART OF THE FOURIER TRANSFORM OF A TIME FUNCTION
Value of function SR ZC08(2n - 1) .\ ypeg op z of -
n

o | o.oL] 0.02 | 0.03 0.05 0.09 ,0.11 § 0.12 0.4
1| 1.0000] 0.9999]0.999710.999% 0.998% 0.9947 0.9920]0.9904} 0.9869
2/1.0000| .9995| .9981] .9958 .588Y4 .9625 .94 .9337] .9101
3|1.0000{ .9988| .g9k9| .oBBT .9687 .8992 .8508( .8233 7623
k| 1.0000] .9975] .9901( .9TT9 -9390 -8069 .T163| .6659 5552
5]1.0000] .9959| .9837| .9637 L9001 .6886 SU76| 4702 L3048
6|1.0000] .9939| .9758| .9459 8520 .5480 .3523 .2&75 L0307
Tl 1.0000| .9916| .9663| .9248 .7958 .3897 .1400) .0108 -.2i58
8[1.0000| .9888| .9352| .9003 LT3k .2187( -0706| -.0789(-.2267, -.50%1
9]1.0000| .9856| .oheq| .6726 .6597 .0ko7 -.2942]- 4511 -.7213
10/1.0000} .9820| .9286| .8418 5814 -.1386 -.hg52|-.6496 -.8836
11l1.0000| .9780! .9130| .8079 o7l —3134 -.6724]-.8109) -.9765
12|1.0000| .9737| - 7711 .5083 -.578L -.817L[-.9259 -.99%6
1.0000} .9689| .8T75]| .T316 .3152 -.627h -.9225]-,9876] -.9334
1.0000| .9638! .8576| .689% 2189 -.7563 -.9833(-.9928 -.800k
1.0000| .9582| .836h4| .6uhT 21205 -.8609 -.9968|-.9410 -.6051
1.0000| .9523) .8138| .597T .0208 -.9376 -.9622(-.8353 -.3626
1.0000| .9460| .7899| .5486 -.0791 .9840( -.9858| -.8813|-.6818 -.0920
1.0000| .939%( .7647; .h4976 -.1782 -.9987 ~.7579)-.4891 .1859
1.0000| .9323| .7384| .ukh7 -.2T55 -.9862 ~:5979|-.2684 R
1.0000| .9249| .7108| .3902 -.3700 -.9317 -.4091 |-.0323 6TTT
1.0000| .91L7L| .6821| .33h2 -.4609 -.852% -.2006| .2056 .85333
1.0000| .9090| .6525{ .277L -.54T1 ~.Ths2 L0176 .4318 9624

2.0000] .900%| .6215| .2190 -.61h2 .2349| .6332 .
1.0000| .8916| .s897| .160L -.7024 -.4633 Lhog| 7983 L9531
1.0000} .B823) .3569| .1006 -.T699] - -.297h 6256 .9176 8254
1.0000| .B727| .5233| .04O8B -.8292 -.1219 .7802| .9843 6527
1.0000| .86281 . -.0192( - -.8817 .0575 897131 9947 RAL]
1.0000) .8525| .4536j-.0791 -.9253 -2351 9710 9479 1529
1.0000| .8%19| .4176[-.1388 -.9563 Lho51 L9979 .8uT0| .k28K(-.1253
1.0000( .8309| .3809(-.1979|- -.9825 .5620 97671 6973 -.3936
1.0000| .8196| .3436|-.2563|- -.9946 007 .9085| .5078 -.6313
1.0000| .8080| . -.3138 -.9978 8167 L7964 | .2891 -.8199
1.0000| .796L| .2675|-.3702 -.9950 9064 .6460| .0539 ~-.9446
1.0000| .7838| .2288)-.k232 -.979% .9668 6k |- 1845 -.9957
1.0000| .7712| .1896|-.4787 -.9502 .9960 2604 |- 22 -.969%
36]1.0000| .7584( .1502(-.5304 -.917k .9930 0439 |-.6163 _.8673
37/1.0000| .74s2| .1106]-.580% -.87h0 . ~ 1747 -.7851 -.6978
28|1.0000| .7317| .0707|-.6281 -.8196 .8918 ~.3849 -. =440
39{1.0000{ .T1T9| .0 -.6736 -.7616 797 ~.5766 |-.9806 -.2132
ko|1.0000| .7038|-.0092|-.7167 -.6884 .6763 ~.Th05 -.9961 .06h2
41(1.0000{ .6895(|-.0492{-.7572 -.6156 -5339 -.8687 |-.95u4 3365
ko11.0000| .67h9|-.0891(-.7950 -.531% 3741 ~.9550 |-.858L 5827
4%|1.0000| .6600|-.1288(-.8239 -.1183 .2023 ~.9952 |-.T126 1835
L511.0000{ .6448]-.16841-.8619 -.3539 .0240 ~.9875 |-.5262 .9232
4511.0000( .629%(-.207T|-.8907|~ - -.1552~.86501~.9322 |-.3097 .9910
k61.0000] .6137)-.2b66]-.9164]-. -.1616 -.329% -.8319|-.0753 .9817
47| 1.0000| .5978|-.2852]-.9387 -.0623 -.4928 -.6916| .16%2 8959
%8| 1.0000| .581T}-.3233]|-. .0376 .6L04 ~.5179| .3926 7403
49l1.0000] .5653)-.3609)-.9732 1371 -.7672 ~.3193| .5993 .5271
50| 1.0000| .5487|-.3979}-.9852 .2353 -8693 ~.1052( .TT16 2728
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Value of fumction

sin z cos(2n - 1)z

Z

at values of =z

of -

p.16

0.17

0.18

0.19

0.20

0.21

0.22

0.2%

0.2k

0.25

0.26

0.27

0.28

S\OCD-QG’\ WD

GEGRE

BEELE SESTE SYBNE YEYRE

0.9830

0.9808
6567

-.2934
-.5937
8260

-.9639
-.9913

-.9052
-1 -

.7696
2016

0.9765
8531

3041
-.0489

-.3958
-.6918
Zl9913
-.9563

§§

-.5103
-.1768

.512h

0.9761
.8368
.5782
L2371

-.1380

-.h9ze
-.T781

8992| -.9521

-.8869

) ! ég! !

.\."ﬂ.'.'
k.

-.9901| -

0.9736
.8198
.5367
.1688

-.2257

-.5846

-.8512

-.9834
.9604

-.7857

-.4870

h

-

-.6810

- 6#58

0.9680
-7836
BT
.0%06

. 3947

LI O N S
PO O

! ég! !

g éﬂ!
&

0.9620
.Thhé
3588

-.1080

- .5504

-.8684
--9902
-.8882
-.5854
-.1503

2187
-TL5T
.$510
9713
.T721

.3984
—-0655

-.4393
-.7995

-.9791
-.9373
-.68%38

.1958

0.9588
72k
3120

-. 1764

-.6216

-.91k
B
-.8120
-.kh1s
L0372

.5068
.8522
~9851
.8837
5620

.1027
-.3817
-.T727
-.97h5
-.9377

-.671L
-.2406
.2491
6777
-9k03

9723
7667
<3199
-.119
-.5685

-.8897
-.9883
-.8463

--9227(-.5021

-.0251

-.9589
-.7181

.9180

0.9551

-.24%9

0.9521
.6812
2164

~.3100

-. 7481

— 436
:9055
980k

-3547
1698

602] - .6461

-.938k
-.9637

- T

.96h2

-.3568
1180

0.9486

.1678
-.37h6
-.8023| -

973%|-.9851( -
69

5635

- %350
-.8391

-0709
4796

.768%
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B

Velue of function 2B E coifan =12 4t values

0.32

0-33

0.34 | 0.35

0.36

0.37

0.38

0.39

0.43

=
OW OO VWFEWNH
|
*

GRGRE
BER

BB ERR
N b o
SR&33

RERE
s

--5533

BEERE FEELE SUBYY VESRE FBR3R &

~.1k25

~.9168| -

8339

.76h9

- 8115

-.762h
-.9819

-2193
7358

0.9331

58| - .9496

--9135
--5158

-21430

0.9273
-5318
--0775
660%

9658
-.8656

728
:9801

-T822
-2537

-.8532

-.9699|-.8864 | -.T332
-.6793{-

-.1033
%5160
.9186
9354

-.1290
Rl

5813

4018|-.2827]-.1584

1]-.590% |- .7650
9794 -

0.9247]0.9203

4875
-.1263[-.17h6
--9776|--9797
-.8103)-.7hk0
-3707| 5017
8592| .9258
.9655] 9145

.6h22| kT30
.0333]-.1908/ -

41k

-.6123|-.9754

0.9158
612
-.2223

-.9738

-.6687
-.0317
6211

3459

--T152

-1

-.9651

-.6192
.0341
6704
-9750
.okl

-.h6h

-.5170| -

-.9146
- s8]

0.9112
h3h6

-.9601

.T351

0.9065

ko6
2694 |-.3156
-T9%h4 1 -.8325

-.8651
--9385

6 |-.49s5

8148

0.9016
3604

—.9634( .

-.T987

.1h96

-.4293
-3440
-8995
8833
-3059
-.oh18

- 5239

0.8813
-.5307
-.9612
-.723%
L0171
-Th37
.9360

- 3015
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TABLE I.- TABULATION OF THE FUNCTION w.- Continued
Value of function w at values of z of -
n
0.%5 | 0.46 | 0.47 | 0.48 | 0.49 | 0.50 | 0.55 | 0.60 | 0.65 | 0.70 | 0.75 | 0.80 | 0.85 | 0.90 | 0.95
110.8704|0.8648|0.8591|0.8533 |0.8474 |o.8415 |0.8102] 0.7767] 0. 7412 ]0.70%9 | 0. 6650 [0.624710.5834|0.5410[0.4980
2| .2117( .1830( .1543| .12%%( .0966| .0678|-.0752(-.2138| -. 3447 |- 46k6|~.5709 |- .6612|-. T337] - -.8201
3|-.6072|-.6430|~.6771] -.709% | -.7398 |-.7682 | - .8TBY| - .9317 -.9256 | - .8619 | - ngg -.5861(-.3943(-.1835( .0322
4)-.9666]-. -.9530| -.9391|-.9208 |-.8979 |-.7117| -. 4614 -.égw ATL7 -6935| .8353] .87102| .7993
5|-.5945(-. -.4470| -.3679(~.2860 -.2021| .2137| .5973| .84si| .g9eo2| .B116| .s455| .1791|-.2120|-.5%90
6| .2275( .3287| .4a57| 5172 (6021 .6795( .9246| .89k3| .6027( .1hi2|-.3%06 |-.7273|-.8814|-. 7739 ks
g B773| 9211 | .9hoi| .9611( .9569( .936k| .6151| .0508|-.5227|-.B722[-.8612|-.5031] .ou81| .5636| .8362
-8632| .1872( .6939| .5853| .4638| .32k |-.3666]-.8575]-.8823|-.4377| .2287| .7567| .8690| .5178)-.096%
9] .1958| .0328(-.1307(-.2898|-.4401 |-.5773 (-.94T7|-.6722| .0506| .7234| .8936| .4589(-.2720|-.7989]-.
10|-.6197 |- . 7475 | -.8481) ~.9177 | -.95k2 |-.9562 |- . ko32| .3703| .909k| .6836{-.1023 |-.7835|-.7989]-.158] .5068
11 |-.9663|-.9386 |-.8696( -. 7627 |-.6229 |-.4560 | .5003| .9h06| .4359|-.4910(-.9080 |-.42351| k79| .8693( .3881
12(-.5616(-.3896|-.1778] .0kz7| .2603| .4634| .9470] .3114|-.6762]|-.8505]-.0262 .ggzg .6758| - 2402 |-.84T7
13| .2433]| k66| .6599| .8117( .9129( .9568( .3589|-.71k9[-.7976] .2019| .90h3| . -.6520|-.7601| .1600
14| .884o| .9547| .9363| .8884] .7367] .5705(-.6215]-. 249k | .9192] .1541 |-.8290|-.5078| .5857] .7uk2
15| .85%8( .6904| .4%680| .2073 -.0693 -.3%03 |-.9227| .1138| .9m1| .1205(-.8825(-.3176| .7829| .hghol-.6k12
16| .1799|-.1182|-.5041] - -.8345]-.9382]-.2155| .9119| .2487|-.8816]-. L8475 | .3061]-.8101|-.3296
]]:g -.6321(-.8337 |-.9448( -.9536 | -.8598 (-.6735 | .7271| .SWTL(-.7980(-.k102] .84 ( .2681(-.8617|-.1259( .Bshhk
~.9657(-.8918|-.7103] - . k432[ -.1233 | .210k g—é(gg -.5154|-.6750| .Th21| .3983|-.8632|-.0840| .8672]-.2236
19 |-.5685|-.2470] .1070| .uks52) .7e2k| .5007 -.9208! .4365| .6625|-.7867 |-.2177| .8833(-.2690|-.7098
20| .23689| .%5927| .836%| .9539| .9281 .7631|-.8145(-.1518] .5092|-.5169|-.5096 -.1hh5] - Ths0( 6820
21| .890k| .9650| .B797| .6490| .3116|-.0763|-.8068| .8106| .okg9|-.8382| .7152| .1657(-.8461| .6069| .2693
22| .8481| .5766| .2012|-.2095|-.5810|-.8455| .0835( .7393|-.8825) .2329( .6100(-.8857| .3617| .4697|-.8562
23| .1639|-.2664].6423| -.8894| -.9589|-.8357h| .8816 -.27h9] -.5220| .9170|-.6289{-.1139| .T532| -.8203| .2Bh2
2h|-.6hh3| -.899L |- .5589| -.8105) - . 4873 |-.0594 [ .T162(-.9385| .6039| .0789|-.6990] .8923(-.55%8(-.0969! .672k
25(-.9649| - .83k | - . 4888 ~.0hok| .J151| .T732(-.2318) -.4053| .8hh4)-.8902( .5292| .0627|-.6100| .864k|-.T190
26|-.5549( -.0982 .3824 .7642| . -89h3| -.9262| .6U32[-.1522(-.3840| .T7hT|-.8940] .T12h|-.2957|-.2079
g 2764 .7043] .9398] .9170| .643L[ .1940(-.6079] .8733|-.9247| .7619|-.% -.0111| .h261|-.7303| .85%0
896 .os17| .7262| .2876)-.2343)- .3727| -.0L35] -.3451| .6383(-.8345] .8965(-.8223] .6201|-.3Lkk
29! .8 44881 -.0832] - -.90k1]-.9357| .9498|-.8805| .7h20|-.5h0L| .3001|-.0M17)-.21%5| .Mu35|-.6312
30| .1485|-.4079|-.82k3| -.9610| -. 7729 -4856] -.6249| .7h10|-.8251| .8773(-.8947! .8773|-.8281| .7500
31|-.6559| -.9430| -.8892] -.5152| .0k30| .5840[-.5060[ .L425L|-.34k2| .2603|-.176%| .0956(-.0117]-. Ak
32(-.9629| -.7346|-.2245| .3700( .8208| .953h[-.9470| .9375]-.934k| .9153|-.9026| .8868|-.8741| .8614(-.8455
33]|-.5%21| .0529| .6243] .9397| .87A5| .4u9s|-.3503| .2511|-.1kez| .o0493]| .0500|-.1460| .2387|-.3248] .holl
34| .2897] .7987] .9610| .7078| .1500{- .6257( -. 7547 846k -.89T5] .907k(-.8800( .8117|-.T126| .5861
35| .9037| .9149| .3093| -.2287(-.7050]-.9574| .9196| -.7970| .5999|-.3561| . .1981) -.4436] .6487|-.7828
36( .8309( .3098|-.3612|-.8548-.9345!..5630] .209k| .1762(-.5217| .TT97 -.8958| .8691)-. - -.0796
37| -1330(-.5403-.9344 -.8518| -.3360| .3462|-.7346| .923%|-.8812| .6169]:.206L|-.2k76| .6275]-.8476] .83ko
38|- 6706 -.9636|-.7h11 -.1223| .3593( .9402(-.8706| .h935| .0312|-. .8660|-.8546( .5369| -.0392| -.k%580
39|-.9609(-.6272( .0394| .7109| .9600| .6669!-.0586|-.5670| .9089|-.B112| .3%13| .2Bg5|-.7648! .8562|-.537h
bo|-.5267| .2027| .8116] .9386| .5101|-.2193| .8194|-.9052| .L4363] .2910|-.8241| .8451|-.3ko08|-.251k| .B030
b1| .3046| .8735] .8981) .3658|-.3915|-.8998| .7999|-.0898|-.6780] .9001|-.44381-. .8319! -.6935| .o197
ka! .9088| .8556| .2hT7| -.5101)-.5465|-.7598(-.0893| .8432|-.7960| .0173| .7612|-.8176| .121%| . -.8155
k3| .8240] .1633|-.6039| -.9612| -.6628] .0857|-.8857| .6950| .2u96|- 5531 .3945(-.8838( .3939| .5084
L4 .lik2|-.6578]-.9624 -.5835( .2080| .8475|-.7a2l|-.3332] .9308|-.3249|-.6841] .7921] .1086| -.BR19| .LBke
bs)-.6781|-.9604(~.5204] . B9h7| .8329| .2W2|-.9387| .2hoL| .79hT|-.648L(-.4kog| .8565|-.0122|-.8213
46(-.9608( -.5037| .3380{ .9183| . .0510| .9283( -.3h7k|-.798%| .5949( 3894 |-.76TT|-. 8497|0479
l):g -.51k7| .3475] .9280 .7614|-.0161|-.7781| .6023| .6894|-.6751|-.5909| .7318| .4857(-.7T2h|-.5767| .793h
-3209| .9269| .7567| -.0450] -. -.8919|-.3819] .8469| .4372|-.7957(-.4859]| .7392]| .5273|-.6786]-.5610
k9| .9137{ .TTSH|-.0355( ~.8130| -.882}] - -.9488 -.0756| .9090( .320%|-.8006(-.5289| .635%| .6850|-.4208
50| .8130| .0127|-.7985| -.8875| -.1764| .6914|-.4788 -.9017| .0k92| .904T| .3726(-.7084]-.6910| .3673| .839s5
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TARLE I.- TABULATION OF THE FUNCTION = ® °°32(2n D2 Continued
Value of funetion w at values of z of -

n

1.0 ] 1.05 1102115 )220 {1.25 |1.30 | 1.35 | 1.50 | 145 | 150 | 1.55 | 1.60 | 1.65 | 1.70 [ 1.95
1 |0.4547 [0.5111]0.3675 0. 3252 0 2814 [0.235% [0.1982 |0.1582 [0.1197 [0.0825 [0.0470]0.0134 |~0.0182 | -0.0%78 |-0.0751 | -0.1002
2[-.8331|-.8261 |-.800L[-.7562 | -.6964 {-.6230 {-.5380 |- . Luks |- 3451 |- . 2ka7{-.1402] -.0402| .034T] .1k22] .2205| .2880
3] 2387 .he31| .57h2| .683%| 7456 .7589| .T239| 6455 .5307| -3888| .2305| .0670| -.0908| ~.2330| -.3511| -.h390
L| .634%| .3987( .12kk]|-.1346(-.403k -.5929]-.702k |-. 7226 |- 6549 |-.5124 | -.3163|-.0936 | .1268| .3181| .h585| .534k
5 |..7667|~.8258]-.7205|-.4773|-.1507 | .1911| .4800| .6611| .7035| .606L| .39356| .1200]| -.162%] ~.3951 ) -.5354( ~.3618
6| .0037| .4352) .7233| .7909| .6261| .2869|-.1201|-.k727[-.6707 |-.664T (- .HE6TL|-. 1465 .1972| .k6237 .5768( .5178
7] -7636] .3863]-.1309|-.5763|--T722|-.6503 [-.27HL -1962 .5605| 68461 52921 .1723| -.2315| -.5L79 | -.5799| -.4081
8(-.6392|-.824g|-.5601|-.0229 | .5128| .T54T} .5898| .1226(-.3855(-.6648 -.5807 -.1980( .2649| .5608} .suhh] L2464
9|-.2%316| .4u67| .Bovy| .6064| .0152|-.5601|-.7368 .1+152 .1660| .606L4| .6206| .223%| -.2975| ~.5890 | -.4728) -.0535
10| .8320| .3737(-.37391-.7856(-.535% .14e3]| .6728] .6283) .072B)-.5127|-.6482[-.2483| .3291] . .3698| -.1k68
11 {-.%609]-.82u8]-.3612] .4ho6] .77hl] .3324|-.4163]-.7207]-.%031| .3893| .6627| -2728| -.3600| ~.6015 | -.2418| .3o7h
12]-.k48% | .k592| .7984| .1986|-.6059|-.6742| .0k06| .6750| .ho8h[-.2439(-.6639(-.29641 .3887| .5853( .0987| -.4670
15| 8341 .3615)|-.5788|-.7054 [ .1191 .7hBL| .3L6T(-.5002|-.6388| 08301 .6518| .3205| -.4166] -.5543 | .0515| .5472
14 i-.2hs8( . 8237 |-.1176) .7h08] .h2g9|-.52ik|-.6345) .2285( .7003( .0819(-.6258(-.3%35 .Mu30| .5095] - 1983 -.5579
15 |-.6295) .4703| -Ti77|-.2811|-.7527| .0913| .7412| .0B651-.6836)-.2k22] .5891} .36%9| -.k680| ~.k518| .3%:8| .k976
161 .7687| .3483|-.7265(-.3663| .6813| .3TTL{--6354|-.38k9| .5878| .3884|-.5396|-.3876] .koL3| .3829| -.hh3hi -.37k2
17(-.0100{~.8223 .1377! .7692|-.2518(-. 478 L6095 )-.42k2|-.5119] .L79%5] .4088| -.5130| -.304% | .5236( .20%1
18 [-.7601| .b821| .%645|-.6588(-.3104| .7380| .0394!-.7a72| .2115| .6059|-.k096|-.keo2| .s5330| .2182] -.5727| -.0063
19| .65k0] .3371]|-.8026] .1088| .7095|-.19391-.4153] .687L) .0256i-.66us] .3316| _LLB8| -.5510| -.1266| .5820| -.191h
20| .22u5(-.8217| .3804] .5136|-.7361|-.2503| .6723|-.525%|-.2598( .6846|-.2469|-.L6TT| .5673( .0319| -.5925( .3647
211-.8308| .h927( .3553(-.7931| .3T67| .4190{-.T370| .2627{ .%639|-.6649] .1573] .4857] -.5816] .0637| .L486h| -.ho16
22| 4668} .3239|-.7980( .5Mh1| .1809]-.7a5%| .5906| .0502|-.614h| .6066|-.0685|-.50%01 .3939| -.1579| -.3880| .s5861
23| 4421i|-.8199] .5851) .0686]-.6847| .7270]-.2752)-.3536] .6940}-.5130]|-.0295] .5194| -.6042| .2477| .2638| -.5499
2 |-.8350| .5041| .1097|-.6364%| .7695]|-.B490{-.1190| .5891|-.6933| .3897| .1230|-.5348| .6l25] ~.3315| -.1220| 4739
25) .2528] .3102)-.7142) .T798]-.%899)-.0076] .4791|-.7116| .6125)-.2437{-.21k0| .54931{ -.6186| .hko70| -.0277| -.3376
26| .6240)-.8170| .7306|-.4018|-.0519] .s5602i-.7021| .6975|-.k610| .0856] .3007|-.5629| .6226| -.b72h| .1757| 1584
27|-.7721] .51h9]-.1460|-.24kB] .5709(-.7298| -T2hL(-.5h96| .25611 .081%|-.38141 .5755| -.62L45 5259 | -.3120| .0409
281 .oi77| .2967|-.5380| .7256|-.7835| -T10%|-.5389] .2963|-.0217|-.2M17| .hSkS|- 5871 -62k3| ..5662| .h276| -.2350
29| .T563(-.8162| .8025{-.72k0| .5863|-.%065] .1994]| .0139]-.2179| .3879|-.518% -.6220} .5924 | -.5148| .3993
20|-.6489| .5276]-.3861] .2390|-.0893|-.0603| .1972|-.3214] .Lkey3|-.5116| .5720 -.6073 L6175| -.6037| .5678| -.5128
31[-.2159) .28u81-.3k76] .hO75{-.4553| .s00L|-.5372| .5673|-.5900] .6056|-.6141] .6158( -.6109| .6000( -.583L( .561L
32| .8297|-.8138] .7948|-.T789| -7599|-.7409| .7236|-.TOh3| .6845|-.66hE| .E440|-.6233( .6023| -.5811| .5597| -.5382
33 |- 47ho| .5371[-.5870| .630%5|-.6637| .6872(-.7028| .7062(-.6999( .684%6(-.6609( .6296| -.5915| .5478) -.4k99L| .4LES
3h|..4356| .2713]|-.1032]-.0T7k| .2201]-.3618] .4809|-.5726] .634k|-.6650| .66h4T|-.6348| .5788| ~. Losh| -.2987
351 .8373| -.8119| .7100(-.5487( .3385(|-.1071(--1213| .3202(-.4956] .6068}-.6551] 6391} -.5641L) .hh11] -.2848]| .1126
36|-.2625] .5h51)-.7322] .T949|- .5349) - -.0226) .2996}-.5135| .6324]|-.6422] .sW75| -.3708% .14s2| .0878
37|-.6181| .26126| .151h4|-.5108| .7247|-.7h86| .5892}-.288%|-.0688| .3502[-.5970| .6441| -.5291{ .2905| .co4O[ -.2770
38] 77331 -.8074| 5514 - 1134|3451 .6658|-.7367| .5hho|-.1698|-.2hk3| .5hgB|-.6449| .5087| -.2033| -.1529| .A3LL
39|-.0238| .5536|-.8039| .6608|-.2116]-.3165| .6734|-.6952] .3088| .0841|-.k9lh| .6MhT{ -.4867( .1110| .2917| -.930%
ho|-.7534| .2466| .3943|-.7690| .6576|-.1611-.4173) .7130|-.5629| .0809| .he33|-.6433| .4630| ~.0160| -.4111| .5622
k1| .6518]-.8031| .3ho7| .3646|-.7606] .5730| .oh18|-.s9u41| .6719|-.2412|-.3467| .640B| -.4377| ~.0795| .50 -.5226
Lo| .2096| .5643(-.7935 .2862{ .%618|-.7554| .3h57| .3612]-.7033]| .3875| .2631|-.6372| .%110] .1730| -.5618| .Lk166
43|-.8255] .23u8| .5916]-.7451| .0800| .6hk01}-.6342|-.0589) .6535]|-.5113|-.1743| .6325] -.3828| ~.2622| .s832| -.2576
Wl b7 -.8016 . .7027] -.5808| -.2713| .7410|-.2546]-.5281| .60531 .0820|-.6267| .3533| .3448| -.5659| .0660
ks| k279 .5746|-.7053| -.1762| .T786|-.207h|-.6360| .5193| .3b17l-.6643[ .0120| .6198| -.3227| ~.4187| .5110( .1341
461-.8367| .2194| .7361|-.kk39|-.5651] .6033| .3468}1-.6845(-.115T| .6846{-.1057(-.6118( .2009| .hBz22| -.k221| -.3T1
hy| .2669) -.7983|-.1594| .7864| . -.7591| .0382| .7181|-.1235)-.6652| .1973| .6028| -.2581] -.5336} .3053| .ks98
48| .6145] .5866(-.5484f -.60%0| .4813] .6151)-.4143|-.6141] .3485] .6071]-.2850|-.5028] .2o245| .5716] -.1681| -.S5hhl
491 -.7783| .2059| .8049| .OLBh|-.7667{-.2232| .671B| .3923|-.5333|-.5138] .3669| .58L7| -.1901| -.5953| .0198( .5593
50( .0333) -.7945(-.3989] .5795| .6493|-.2555)-.7370[-.0951) .656h| .3906[-.4k15|-.5696| .155L| .6041| .1298| -.303k
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TABLE I.- TABULATION OF THE FUNCTION 5382 °°322n = 12 _ Concluded
Vblmofﬁmctionfﬂwé?ki)iatmluesofzof-

n

1.80 | 1.85 | 1.90 { .95 | 2.0 205 | 2,10 | 2.15 ] 2.20 | 2.25 | 2.30| 2.35 | 2.50 | 2.5 | 2.50
1 ]-0.1229 ]-0.1432|-0.1610 {-0.176% |-0.1892 |-0.1996 | -0.2075 |-0.2131 | -0.2163 |-0.2172|-0.2160 | -0.2128 |[-0.2075 |-0.2005 |-0.1918
2| 3434 .3861| .hs8| .W32h| 4365| .h2oo| a1 .3839| .3h92! .3088] .e6u4| .2180| .1712| .1257| .0830
3| -.49291] - 7| -.b967( -.451%| -.3815| -.2057| -.2955| -.0946| .0016| .0870| .1367| .2074( .2389| .247k| .2389
4 Zuo'( 8] .3700| .2231| .0622]| -.091%| -.2193| -.3080( -.3502| -.34%5| -.2996| ~.2232| -.1296] -.0334]| .0525
5| -.4768 -.3056 -.0886( .1276| .3002| .3988| .mo06| .3m6| .2137| .0%86] -.0895| -.2018( -.2602| -.2599| -.2091L
6| .3145| .0365| -.2298| -.4083| -.4sh6| -.3671] -.1832| .o3k2| .2189| .3208| .3197| .2282| .o84i| -.0635| -.1T11
7] -.0873] .2k36] .use2| .u652| .2906| .0232| -.2309| -.3690| -.3482| -.1939] .0178| .1962| .27h9| .2362| .1120
8| -.1580| -.4498| -.4855[ -.2671| .O701| .34O%[ .hog7| .2616| -.0052| -.2393| -.3237| -.2329 -0558 JA516 | 2347
9 .3706] .5193 .3158| -.0779| -.3860| -.hakh| -.270k| .1593| .3512| .26h7| .0549| -.1904% -.1796| .0211
10| -.5070| -.4307| -.0Mk1]| .3795] .h3h2| .1362] -.2u22]| -.3893( -.2110| .1a48| .3114| .2378 -.0152 -.2186 | -.2227
11| .5382| .2119| -.293k} -.4735) -.1819| .2580| .4083| .1528| -.2215| -.3431| -.2247] .18k5| .2789| .0981 | -.1l7h
12| -.k586] .o7a7| 4784 | .3081| -.206%| -.h327| -.1581| .2668( .347L| .0298| -.2834| -.242k| .0620| .25%2] .1390
13] .2842| -.3335| -.4633] .0265| .43B2| .2396| -.2532] -.3666| .0081| .3305| .1883] -.1785| -.2680| -.0029| .2263
| -.0512] .h939| .2sh45| - -.3770(  J1578| o6k | .oeTL| -.3s21| -.1692| .2411| .2468( -.1088| -.2563 | -.0106
15{ -.192%| -.3044] .0606 L6k ) .osh2| -.hke2ok| -.1453| .34s0| .2083( -.2591| -.24ek| .172k| .2490) -.0927| -.232%
16| .3963| .3615| -.3505| -.3454| .3061| .3260] -.26%0| -.3036| .2240| .278%( -.1868| -.2511| .1se4| .2217] -.1212
17| -.5183| -.1089| .Lk93B| .o02%2| -.hs45| .obs6|  hokL| -.1016| -.3%61| .1h1T| .28%3) -.1661) -.2223| .17sk| .1636
18| .5334| -.1768| -.4307| .3089| .2879| -.3785| -.1323| .3B50| -.0113| -.3382| .1230| .2552| -.1913| -.1563| .21h40
19| -.4383] .k088| .1875| -.k737| .0780( .3895| ~.27hk| -.2071| .3530] .0008| -.3118] .1508] . -.2336| -.0h22
20| .2527| -.5166| .1340} .3788! -.3899| -.0693| .kO13| -.2191( -.2057| .3378 -.0531| -.2392| .228%| .o69L{ -.2379
21| -.othg| .4675| -.3995| -.0763] .k317| -.3098| -.1191| .3B26]| -.2266| -.1435| .3237| -.1534| -.1496| .259% | -.0928
22( -.2259| -.2764} .4980| -.2681| -.17hS( .42%5| -.2845) -.0877| .3450| -.277h| -.0196| .2630| -.2505( .0276| .1853
25| .heol| .o012| -.3885| 4654 -.2036| -.179k| .3981| -.3123| .0246] .2602)| -.319%| .1469| .1057| -.2u0L 1979}
24| -.5276] .2743| .1163| -.ho78| .uhot| -.2193( -.1039| .338L| -.3539| .1677| .0912| -.2666] .2690( -.1206| -.0T%0
25| .5261| -.466%| .2ohk| .1265| -.3725| .B315| -.2943| .oM13| .2030] -.3310| .2089| -.1403| -.0587| .20k2]| -.2393
26| -.h160| .5269| -.4396| .22 .o463| -.2768| .3g94s| -. 2291 | ~.0282| -.1583| .2700| -.2795| .1967 -.oég\
gz .2200] -.4103] .hon| -.4518| .3120| -.1133| -.0925) .2562| -.34381 .3h29( -.2634| .1336] .0098] -.1308| .20

L0214 1792 -.3372 4319 -.h5k1| ho7O| -.3038| .1658| -.0078| -.116%| .2173( -.2734| .2810| -.2ks5| .1783
29| -.2584) .1065] .ok2hk| -.1733| .2817| -.3546| .3903] -.3801| .354B8| -.2938] .2147| -.1268] .039%| .0%92| -.1026
301 .4he1| -.3598| .270L| -.177R| .0859( .0007( -.0789| .MW61| -.2003| .2hko2| -.2653| .2765| -.27h1| .2601] -.2365
Z1{ -.5345( .5038| -.h6g97| . 4329 -.39k0} .3538] -.3129| .2720| -.2316( .1925| -.1551( .1299| -.0873| .0578| -.0316
32| .5164) -.hok7| .4729| -.4511| Jheg2| - .3858| -.3642] .3he7| -.321k| .3003| -.2795( .2588| -.2386| .2186
33| -.3918 .3523 ~-.2784| .2220| -.167L] .1146| -.0653| .0199| .0210| -.0570| .08TT|{ -.1230| .1326| -.1468| .15%6

.1863| -.07hL| -.0325| .1287| -.2107| .2757( -.3217| .3482| -.3556| .3hs5k| -.3200| .2823| -.23%6| .18%8] -.1303
35( .05T7| -.2096] .3208| -.4089| .Mh26| -.4316| .3808| -.2992] .1976] - -.0160] .1060| -.1738| .2154| -.2295
36| -.2898| .h2o7| -.4Bg2| .L46S0| -.3679] . -.0517( -.1085| .23%2| -.3080| .3031| -.28k9! .2053| -.1035| .0OOL
37| .4620| -.m192 Mhe| -.2662| .0383| .1781| -.3301| .3860] -.3416| .2185]| -. -.0989| .2098| -.2539| .2296
38| -.5389| .4510] -.21034| -.0783( .3178[ -.h2s2| .3754( -.2000| -.0242| .2159( -.3108] .287h| -.1685| .0087| .1302
39| .5045| -.2858| -.1065| .3802| -.4537| .3108| -.0379| -.2249] .3564| -.3096| .126%| .0918| -.2392| .2572| -.1558] -
ho| -.3659( -.034%0| .3B20| -.43k| .275%| .0679 -.3382 -.1948 -085h .2825| -.2897| .1266! .0872| -.218%
| .1518 3036| -.4978| .3072{ .0937( -.3889| .3695} - -.2366| .3456| -.1898| -.0846| .261h4] -.22k7| .0%18
k2| .0936| -.4809 .hosk| .o27h| -.3979| .3792| -.02k2| -.3166| .3h403| -.0603| -.2399| .2918] - -.1710| .2366
43| -.3198] .5121] -.1436| -.3470]  h265( -.0870| -.34h5| L3344 .0275| -.3201| .2436) .OTTL4| -.2736] .1609] .102%
k1 .4799| -.38T7( -.1783( .Wy64| -.1596( -.323%| .3632; .ouB5| -.3572| .1952( .1853| -.2937( .0327( .2310| -.178%
45| ~.shog|  .1456| hes6| -.3MhT| -.2078{  (4208| -.oLOM| -.3733]| .1921| .2378| -.2851| -.o70L| .2813| -.07h7] -.2036
6! .hoo2] .1408| -.4950| .o2h0| BAM3| -.1887| -.3531| .2508| .2391( -.29%5| -.1213] .2954| .0165| -.2589] .of29
47| -.3383| -.38u4 .357H| .3098] -.3631| -.2384| .3%66 1723( -.3391| -.1132| .312%( .0628| -.278k| -.0218| .2394
48| .1166! .s112| -.0735| -.4738| .0303| .4321| .0035| -.3889| -.0307| .3433| .0s13| -.2970| -.0653| .2507| .0728
49| .1292| -.4839( -.2459| .3781( .323L4| -.2591| -.3600| .1395| .3579| -.0315| -.3238| -.0554] .2670| .115k| -.1980
50| -.3483] .3076| .4595) -.075L| -.hs32| -.1388] 3495 .2771| -.1893| -.3300{ .0214| .2983| .1120| -.2077| -.1B52

e . e e
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TABLE IT.- ILLUSTRATION OF SUGGESTED PROCEDURE TO EE
USED TO CAICULATE THE TIME RESPONSE TO A UNIT
IMPULSE FROM FREQUENCY-RESPONSE DATA

B’alues are from fig. 3 and table I at 2z = 0.5 which
for a Aw =1 corresponds to a time of 1.0 seél

©) ® ©) ®
n Y by (t) @ x®
1 0.0937 0.8415 0.0788
2 .0549 .0678 .0037
3 L0157 -.7682 -.0121
4 -.0050 -.8979 - .0045
5 -.0123 -.2021 .0025
6 -.0135 .6795 ~.0092
T ~-.0126 .9364 -.0118
8 -.0111 .332k ~.0037
9 ~-.0096 -5T13 -0055
10 -.0083 -.9562 | .0079
11 -.0071 -.4560 .00%2
12 -.0061 63k -.0028
13 -.0053 .9568 -.0051
1L -.0046 .5705 -.0026
15 -.00k2 -.3403% .00L4
16 -.0037 -.9382 .0035
17 -.0033 -.6735 .0022
18 -.0029 .210k4 -.0006
19 -.0027 .9007 -.0024
20 -.002k 7631 -.0018
:E:: ® = 0.0611

h(1.0) = %A‘”Z ® = % x 1 x (0.0611) = 0.0390
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TABLE ITI.- TABULATION OF THE FUNCTION

sin z sin(2n - 1)z

z

USED TO CALCULATE

THE IMAGINARY PART OF THE FOURIER TRANSFORM OF A FUNCTION OF TIHME

Value of the function “mz"inz(an‘l)’ at values of z of -

n

0] 0.05 | 0,10 | 0.15 | 0.20 | 0.25 | 0.30 | 0.35 | 0.50 | 0.45 | 0.50
110 |0.0500 | 0.0997} 0.1489 | 0.197h | 0.2448 |0.2911 | 0.3359 | 0.379L |0.420% | 0.4597
2{0| .ok | .2050| .b3%3 ) 5609 | 6746} .T7A6| .Bu9B | .90ThH | 93| .9565
310 .24%73 | .b86| .6791 | .8359 | .939L | .9826( .9640 | .8853 | .752L| .5739
hlo| 3428 | .6431| .864%2 | .9789 ] .9738 | .8503| .6248 | .326L |-.0081| -.336%
S{of 4348 | .7820| .972L | .967k | .7700 | .h210 | -.0082 | -.4308 | -.7622} -.9373
6lo| .5225| .8897| .9932 | .Bo3L | .3777 |--155% | -.637% | -.926h | -.939% | -.6765
—8( o .6049 | .9619]| .9255 | -5121 |-.107L |-.6775| - -.8601 | -.4058 | .2063

of .68k | .9958| .7752 | .1ho2 [-.5656 |-.9629 | -.8415 [ -.2720 | .4350] .89k
90| -7510 | .9900| .5556 |-.2538 |-.885T |-.9120 | -.3204 | .4810 | .Qu66| .7657
1010 .B13L| .guh7l| .2864 }-.6078 |-.9889 |-.54e5 | .3514 | 9423 | .7H18] -.0720
11 (0| .8671| .8617| -.008h }-.8658 [-.8500 | .0166| .8579 | .8320 |-.02hh | -.8435
120 | .912k | .7hlk] -.302k |-.9871 | -.5030 | .5698 | .9609 | .2170 |-.7721 | -.8395
15(0| 9486 .5975| -.569% |-.9526 |-.0329 | .92k0 | .6121 | -.5296 |-.9355 | -.0637
ko | .9753 ) .4267| -.7856 |-.7676 | .Mhsk | .9554 [ -.02k7 [ -.9550 |~.3910 | .7708
15|/0 | .9923 | .2388| -.9316 |-.461%5 | .8145 6531 | -.6498 | -.8010 [ .hhok | .8965
16|10 | 9994 | .0ok15| -.994> |-.0825 | .9843 | .1226 | -.9693 | -.1612 | .oug7| .1980
1710 .9965)-.1975| -.9683 | .3095 | .S130 |-.k507 | -.8330 | .576% | .7303 | -.6825
180 | .9836 [-.3502) -.8557 | .6526 | .6182 |-.8665 | -.3048 [ .9643 |-.0406 | -.9355
19 10| .9609 [-.5289( -.6668 | .8927 | .172L [-.9797 | .3667 | 767k [-.781T| -.328k
20(0 | .9286 |-.6866| -.1182 | .9919 [-.%162 |-.7506 | .8657 1049 | -.9313| .5806
210 | .8870 | -.8169| -.1323 | .9345 |-.7270 }-.2593 | .9576 |-.6212 |-.3761| .9558
2210 | .8366 |-.9146| .1654% | .7295 |-.9%99 | .3226 | .3991 |-.9705 | 4638 | .h%2%
25|10 | .7T18 |-.9759| .uu84 | .hook [-.9578 | .7918 | -.0411 |-.7311 | .9526 | -.467L
2k |0 | 112 |-.9982| .6913 | .0246 |-.7211 | . -.6621 |-.0483 | .7205| -.95T1
2510 .63575]-.9808| .B72h |-.3640 |-.3079 | .8331|-.9706 | .6639 |-.0568 | -.5671
26 |0 | .9575 | -.9242| .9757 |-.6952 | .1807 | .3909 | -.82k2 | .9733 |-.T912| .34h2
g o| 4718 |-.8309| .9917 |-.9166 | .6250 |-.1880 | -.2801 | .692k |-.9268 | .9391

0| .3815 | -.704% | .9192 [-.9933% | .9164 |-.7012 | .3819 |-.0086 |-.3610| .6706
29 |0 | .287h [ -.5498| .7646 |-.9131 | .98%33 [-.969% | .8733 |-.7ok2 [ k79| -.2045
30 (0| .1903 {-.3735| .5417 |-.6889 | .8095 [-.8990 | .9539 |-.9728 | .9552| -.9023
3L(0| .0915 | -.1819| .2704 |-.3559 | .4376 |-.5145 | .5861 |-.6513 | .7096 | -.7606
3210 |-.0084 | .0168] -.0251 | .03%4 |-.0416 | .O%96 | -.0576 | .0653 |-.0730| .0805
35|10 |-.1082 | .2147| -.3185 | .4173 |-.5105 | .5965 | -.674%1 | .7h23 {-.B003 | .8u75
34 |0 [-.2068 | .4OhL| -.583L | .7354 [-.83hk | .9350 |-.9735 | .9690 |-.9220| .83h9
35 (0 [-.303% | 5TTH| -.7957 | 937k [-.9892 | .9469 |-.8152 | .607T9 [-.3459 | .0343
36 |0 (-.3969 | .7278| -.937% | .9913 |-.8817 | .6279 [-.2733 |-.1220 | .4920 | -.T763
37 |0 |-.4866 | .8ug0 | -.9955 | .8888 [-.5584 | .0897 | .3969 |-.7778 | .9576 | -.693h
38 |0 [-.571h | 9364 | -.9642 | .6459 |-.098% |-.4798 | .8807 |-.9618 | . -.1898
39 |0 [-.6505 | .9865| -.8471L | .3012 | .385% |-.8818 | .9501 [-.5625 |-.0902 | .6884
o 10 |-.7229 | .9972| -.6543 |-.0003 | .TT55 |-.9757 | -5727 | -1782 |-.8099 | .9337
Ll 1o |-.7882 | .9683 | -.4030 |-.4692 | .9755 [-.7288 |-.0740 | .8106 |-.9170 | .3205
b2 [o [-.B457 [ .9007 | -.1257 |-.775L | .936hk |-.2273 |-.6859 | .9512 |-.3307 | -.5873
4310 |-.8946 | .7971( .1819 {-.9550 | .6682 | .3537 |-.9753 | .5143 | .5059 | -.9552
Yy [0 |-.9346 | .6619| .4633 |-.9859 | .2364 | .8110 |-.8059 |-.2346 | .9596 | -.huk8
4510 |-.9654 | .5001 | .7032 |-.861k |-.2532 | .985L |-.2576 |-.8412 | .6872 | .k7L5
46 o |-.9864 | .3186| .8803 |-.6008 [-.6809 | .8151 | .h120 [-.9378 |-.1054 | .9576
LT 10 1-.99T7T | 1243 .9789 |-.2453 |-.9418 | .360% | .8877 |-.4660 |-.B1B1L| .5603
k8 10 |-.9989 | -.0750 | .9899 | .1488 l-.9722 |-.2204 | .9457 | .2884 [-.9118 | -.3521
49 [0 [-.990L | -.2712| .9126 | .5195 |[-.76h45 [-.7240 | .5585 | .8680 |-.315% | -.9408
50 [0 |-.9715 | -.4567| .7537 | .B08L [-.3696 |-.9748 [-.0904-| .9209 | .5196 | -.6645

e — e
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TABLE IIT.- TABULATION OF THE FUNCTION

sin 2

sin(2n - 1)z

NACA TN 3598

- Concluded

Value of the function

sin z sin(2n - 1)z

z

at values of z of -

0.55 0.60 0.65 0.70 0.75 0.80 0.85 0.90 0.95 1.00
1| 0.4967 [0.551k | 0.5635 [ 0.5929 | 0.6195 | 0.6433 | 0.6640 | 0.6818 | 0.6965 | 0.7081
2| .ou7h | .9165| .B650| .7944 | .TOTL| . Jhoog9 | L3720 .2u62 | .1188
5| .z627 | .1328 | -.1007 | -.3228 | -.5195| -.6786 | --71911 | ~.8508 | -.B556 | -.8069
* 4 1-.6183 |-.8202 { -.9188 | -.9042 | -. ~.5661) -.2801 | .0146| .307L] .5528
5| -.9237 | =.7275 | --3909 | .0L55 | . ~T7| 8656 | .Bik2| .65TL| .
6)-.2196 | .2932| .7097 | .g09h | .8385) .52h5) .066L [-.3982| -.7319 | -.8M15
7| 7244 .9 7706 | 2937 | -.2904 [ -.7he3 [ -.8826 | ~.6632( -.1838 | .3535
8| .87681{ . -.2975 | -.8096 | -.8796| -.4B12| .1614 | .6996| .8508 5#72
9| .0720]-.6566]-.9297 | -.5689 | .1659| .T7oM| .8k10| .3453| -.3662
10 | -.812% | -.8652 | -.1999 | .6162 | .903L| .k362| -.3781 [ -.8565( -.6140 .1261
11]-.8080 | .0%16| .8228| .7784 |-.0382) -.7959| -.7436 | o439 .7632| .704O
12| .otou | .8881 | .64O1 [ -.3516 [-.9085] -. 56971 8366 .1205 ) -.T121
15| .8800 | .6120 | -.4803 | -. -.0904| .8186| .5968 | ~.k2ho| -.8411 | -.1114
1k | 7190 | -.4446 | -.8971} . .8957| .3419| -.7235 | -.6438 | k234 | .804B
15 | -.2278 | -.9342 | .000k | .9137 | .217d| -.8386| -.Jaok | .7166| .567h] -.5584
16 | -.9256 | -.2325 | .8973 | .2642 |-.8650| -. 8292 | .3183| -.7902 | -.3393
17 (-.6129 | .7657 | .B797|-.8239 | -.3395} .85%7| .1967|-.8612( -.0556| .Bhlh
18| .370% | .787h | -.64o7 | -.5843 | .8169| .e2u30] -.8799| .0739| .8265| -.3610
19| .9480 |-.1942 | -.822k | .6388 | .hs51| -.8699| .0309 | .8278| -.4788 [ -.5416
20| .4896 |-.92881 .2006| .7615 |-.7526} -.1922) .8720 | -.4500| -.5176| .8110
21 | -.5038 -.551250 . -.3800 | -.5608| .8811| -.2556 | -.6239} .8128 ( -.1334
22| ..0u67 | 5823 .2968 | -.800% | .6737! .13991 -.8065| .7328| -.0079 | -.TOOL
23| -.3550 | .g001 | -.7710 | .oTT2| .6561| -.889L | .uE26| .2909( -.807T| .T160
2h | 626 | .o700 | -.7092 | .9170 | -.5809| -.0888| .6873 | -.8650} .530L| .10k
25| .o217 | -.840k | .39151 .2336 | -.7388] .8ou5| -.6397 | .1021| .L46h9 [ -.B026
26| .211k |-.6855| .9186|-.8375 | .4757| .-0366| -.5225| .8186| -.8307| .5639
271 -.T9T | -3525| .099L|-.5190 | .8062| -.B9661 .77h3 |-.A74L| .0722| .3332
28| -.8735 | .9k10{ -.8656} .6607 | -.3616 0158 .3229]-.6032]| .7840[ -.8413
29| -.0627 | .3285|-.5628 | .7h36 |-.8574| .8957| -.8576( .74b2| -.579L| .3669
30 | .8167 | -.7029 | .5641|-.ho78 | .2403| -.0681} -.1019} .2632| -.4096| .5359
51| .80%0 [-.8383| .86u7]-.8823| .891h| -.8018| .8838|-.8678] .844o| -.8130
32| -. .0947 | -.1015 | .1080 | -.1ak2| .1e02| -.1238] .11 -.1361] .Lko7
35 -.8834 | .9070| -.9190| .9190 [ -.5075| .884k7| -.8514| .8082| -.7559| .6938
3 -.135 | 5626 -.3902| . -.0lk2| -.1718| .3k52 | -.4983| .6249( -.7198
35| .2359 | -.k993| .7102( -.8495 | .9055| -.B747| .7625]~.5818| .3519| -.0967
361 ook} -.oouh| .r70L| -.k932 | .1he3| .2229| -.5hIT| .7626| -.8523| .800k
% L6054 | -.1707| -.2982| .6819| -.885%| .8616| -.6229| .2352} .1992| -.569%

-.3781 | .8007| -.9297| -7250| -.2676) -. 7022 | -.8695| .7236( -.3264
39| —.ou84 | .7510| -.1992( -.k354 | .8475| -.8438| .hh20| .1599( -.6671| .B411
ho! -.h8ok | -.2564 | .8231| -.8730| .3875| .3226| -.8160| .7969} -.2923| -.3735
B1| .5109|-.9369( .6396( .1386]-.7927| .8268| -.2317| -.5221| .8560] -.530L
bo{ .9458] -.k226| -.4Bog| .g201| -.k996| -.3708| .8758 | ~.5597| -.26121 .8148
y5| .3wL| .6306| -.8068| .17s2| .7220| -.8052| .0068| .7763| -.6872| -.1L480
¥y | -.6309 ) .8796| .oo1r| -~.8609] .6018] .k179| -.B773) . L7055 | -.6916
5] -.9195| .0068| .8975| -.4669 | -.6369| . .2201 | ~.8703| .2310| .7237
46 ) —.2033 | -.8747| .479L] .7022| -.6919| -.4635] .8206| .1886| -.8548( .089L
:g 7351 | -.6ko7 | -.6412| 7055 .%390| -.7538| -.8315| .7OMT| .32L7| -.798L

.8702| .4103] -.8221| ~.hé2k | 7681 .5075| -.7094 | -.5W5L| .6469| .STUS
49 osik | .9381| .c01%| -.8627| -.4303| .Tek2l .6143 ) -.5 -.7399| .3196
50| -.8200 | .269%| .9208( .1691| -.8290] -.5498| .s51L| .7891| -.1684( -.8%408
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TABLE IV.- ILLUSTRATION OF SUGGESTED PROCEDURE TO BE USED TO

CALCULATE THE FOURIER TRANSFORM OF A FUNCTION OF TIME

Elalues are from fig. 6, table I, and table III at

z = 0.25 which for a At = 0.1 corresponds to
a frequency of 5.0 mdia.ns/sec]

®© | @ ® ® ©) ®
n Ty R[F(io)] | I[F(iw} ORXE) ®x®
1 0.0420 0.9588 0.2448 0.0403 0.010%
2 .0950 ~T2hL L6746 .0688 .06h1
3 .1165 .3120 L9391 L0364 .109k4
4 .1200 -.176k4 .9738 -.0212 L1169
5 1120 -.6216 .T700 -.0696 .0862
6 .1000 -.9147 STTT -.0915 .0378
T 0860 -.9838 -.1071 -.0846 -.0092
8 .0720 -.8120 -.5656 -.0585 -.oko7
9 .0580 -.das -.8857 -.0256 -.051%
10 .0l60 L0372 -.9889 .00L7 -.0455
11 .0360 .5068 -.8500 0182 -.0306
12 .0290 8522 -.5030 0247 -.0146
13 .0220 .9891 -.0329 .0218 ~.0007
14 .0170 .8837 sk .0150 .0076
15 .0130 .5620 .81L5 .0073 .0106
16 .0100 .1027 .9843 0010 .0098
17 .0065 -.3817 .9130 -.0025 .0059
18 .0050 -.T7e7 .6182 -.003%9 .0031
19 .0040 -.9745 1721 -.0039 .000T
20 .0030 -.937T -.3162 -.0028 -.0010
21 .0020 -.671k -.7270 -.0013% -.0015
22 .0015 -.2406 -.9599 -.000k4 -.001k
23 .0010 2491 -.9578 .0003 -.0010
2L .0005 B6TTT -.7211 .0003 -.0004
25 .0002 .9405 -.3079 .0002 -.0001
Y ® =-0120T| Y _® =o.26m

R[F(15.0)] = m—.Z@ = 0.1 X (~0.1297) = -0.01297 (See eq. (19).)

I[i?(is.oij = —AtZ@ = -0.1 x (0.264k4) = -0.0264k (See eq. (20).)

4(5.0) = /R[F(10))2 + T[F(10] 2 = 0.02945 (See eq. (21).)

¢(5.0) = -tan-1 I[F—(:In;)} = -tan"t 2.0387 or ® = -116°08' (See eq. (22).)
R|F(im)

27
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Frequency, «, radians/ sec

wWn o

(a) Terms used to obtain the time response to a unit impulse from
frequency-response data.

AN
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|
[

n=3 n=4
1t —te— At — Some
n-l 1 Time,t,sec

(b) Terms used to obtain the Fourier transform of a function of time.

Figure 1.- I1lustration of terms used in the development of the
methods of this paper.




30 NACA TN 3598

1.O
| |
;3, | A B C
L
o
O | 1 | ] i | | l
0o 2 4 6 8 10 12 4
Frequency,w,radians/ sec
Lo

Location A

Location B

so\/\/\/
= \/\/ \/

Location G

sco\/\/\/\ﬂ/\
- \/\/\/\/\/\

N4 % 2 16 20 24 o8

Time,t,sec

Figure 2.- Time response to a unit impulse for an element of the steir-
case funetion at various locations in the frequency plane.
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Figure 3.- Comparison of the response to a unit impulse calculated by
the method of this paper with the exact response for s simple system
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the transfer function of which is 'Jé =
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Figure k.- Comparison of the response to a unit impulse calculated by
the method of this paper with the exact response for a muitiple-mode
system the transfer function of which is

100 225

o |

52 + 68 + 10 82 + O.4s + 100 52 + 0.28 + 225
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Figure 5.- Vector representation of the frequency content of an element
of the staircase function at various locations in the time plane.
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Figure 6.- Comparison of the modulus and phase angle of the Fourler
transform of a time function calculated by the method of this paper
with the exact values.
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Figure T7.- Comparison of the response to an arbitrary input calculated
by using the h(t) obtained by the method of this paper with that
calculated by using the exact h(t) for the miltiple~mode system.
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(a) Modulus and phase angle of input.

Figure 8.- Comparison with the exact values of the frequency response
obtained by application of the method of this paper to an input
and output. .
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(b) Modulus and phase angle of output.

Figure 8.- Continued.
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(e¢) Amplitude ratio and phase angle of frequency response.

Figure 8.- Concluded.
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